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MINIMUM WIENER INDEX OF TRIANGULATIONS AND
QUADRANGULATIONS
E´VA CZABARKA, TREVOR OLSEN, STEPHEN SMITH, LA´SZLO´ A. SZE´KELY
Abstract. Let G be a connected graph. The Wiener index of a connected graph is the
sum of the distances between all unordered pairs of vertices. We provide formulae for
the minimum Wiener index of simple triangulations and quadrangulations with given
connectedness, and provide the extremal structures which attain these values. As a main
tool, we provide upper bounds for the maximum degree of highly connected triangulations
and quadrangulations.
1. Definitions and Some Selected Results
Let G be a connected graph. The Wiener index of G, denoted by W (G) is the sum of
the distances between all unordered pairs of vertices, that is,
W (G) =
∑
{u,v}⊆V (G)
dG(u, v),
where dG(u, v) denotes the number of edges on the shortest path between the two vertices
u and v. The Wiener index, first reported in 1947 (see [6]), was used to predict the boiling
point of alkanes. Perhaps the Wiener index is the most frequently used graph parameter in
the sciences.
Recently, there have been numerous results regarding the Wiener index on triangulations
and quadrangulations of the sphere, which are edge maximal planar graphs, and edge maxi-
mal bipartite planar graphs, respectively. These recent results have mainly focused on upper
bounds, see [1], [2], [3], [4]. Lower bounds for the Wiener index of such graphs were stated
in [1], [2], without consideration of the level of connectedness of the graph. For the sake of
completeness, we include those results in this paper.
Throughout this paper, every graph will be simple, finite and connected, unless otherwise
stated. For a graph G, the sets V and E represent the vertices and edges of G respectively.
The set of neighbors of the vertex v is denoted by N(v), and the degree of a vertex v is
denoted by d(v) = |N(v)|. We denote by δ(G) and ∆(G) the minimum and maximum degree
of G, respectively. A k-element cutset is a set of k vertices, which, when removed from G,
disconnects G. A non-complete graph G on n ≥ 3 vertices is c-connected for a positive
integer c if every cutset has size at least c; the connectivity κ(G) of G is the largest c for
which G is c-connected. Clearly, if G is not a complete graph, then G has at least κ(G) + 2
vertices, the smallest cutset of G has size κ(G), and all degrees in G are at least κ(G).
All graphs we will discuss will be planar graphs, which are graphs that have some drawing
in the plane, in which no edges cross. We will often rely on Euler’s formula, which states
that for any finite, connected planar graph G, we have n− e+ f = 2, where, in G, n is the
number of vertices, e is the number of edges, and f is the number of faces. In this paper,
triangulations and quadrangulations are always triangulations and quadrangulations of the
sphere. Consequently, triangulations with n vertices have 3n−6 edges and 2n−4 faces, and
quadrangulations with n vertices have 2n− 4 edges and n − 2 faces. It is well-known that
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triangulations are 3-connected but Euler’s formula does not allow them to be 6-connected,
and quadrangulations are 2-connected but Euler’s formula does not allow them to be 5-
connected. Whitney’s theorem [7] implies that all drawings of any 3-connected planar graph
on the sphere are the same combinatorially, a conclusion that holds for all classes that we
consider in this paper except general quadrangulations. We cite an elegant result of [5],
although we do not use it explicitly: every 5-connected triangulation contains a spanning
3-connected quadrangulation. Comparison of Figures 5 and 8 gives an illustration for even
order.
2. Survey of Earlier Results on Triangulations and Quadrangulations
Theorem 1 ([2]). Assume n ≥ 6. The graph T 4n in Figure 1 minimizes the Wiener index
among all triangulations of order n and is 4-connected. Consequently, it minimizes the
Wiener index among all 4-connected n-vertex triangulations.
(Remark: T 45 is the only triangulation on 5 vertices, but it is not 4-connected. Red color
in the figures indicate patterns to be repeated as n increases.)
Proof. A triangulation contains 3n−6 edges, thus there are exactly 3n−6 pairs of vertices at
distance 1 apart. If we can make sure that every remaining pair of vertices are at distance
2 apart, then we have a triangulation of Wiener index 2(
(
n
2
)
− (3n − 6)) + (3n − 6) =
n2 − 4n+ 6, and this is clearly the minimum possible Wiener index. This is the case with
T 4n . Furthermore, it is easy to see that T
4
n is 4-connected for all n ≥ 6. 
Figure 1. The graph T 4n that minimizes the Wiener index among all gen-
eral and among all 4-connected triangulations of order n.
It should be noted that these two classes, general triangulations and 4-connected trian-
gulations, are the only classes studied in this paper, which fail to produce unique structures
to minimize the Wiener index. See Table 1 for the number of isomorphism classes which
minimize the Wiener index among all triangulations up to 18 vertices, and all 4-connected
triangulations up to 22 vertices.
Theorem 2 ([1],[2]). Assume n ≥ 4. The complete bipartite graph K2,n−2 minimizes the
Wiener index among all quadrangulations.
Proof. A quadrangulation contains 2n− 4 edges, thus exactly 2n− 4 pairs of vertices are at
distance 1 apart. If we can make sure that every remaining pair of vertices are at distance 2
apart, we have a quadrangulation of Wiener index 2(
(
n
2
)
− (2n−4))+(2n−4) = n2−3n+4.
This is the case with the quadrangulation K2,n−2. Clearly this is the least possible Wiener
index of a quadrangulation. 
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Order Gen Tri Count 4-Conn Tri Count
4 1 0
5 1 0
6 2 1
7 5 1
8 12 2
9 36 4
10 99 6
11 255 10
12 614 10
13 1532 14
14 3908 15
15 10727 19
16 31242 21
17 96725 25
18 311735 27
19 - 32
20 - 34
21 - 39
22 - 42
Table 1. A summary of how many isomorphism classes, on n vertices, at-
tain the minimum Wiener index for general and 4-connected triangulations.
Theorem 3. Assume n ≥ 4. Up to isomorphism, the graph K2,n−2 is the unique minimizer
of the Wiener index among all quadrangulations of order n.
Proof. Let Q be a quadrangulation of order n that has the same Wiener index as K2,n−2, i.e.
every non-adjacent pair of vertices are at distance 2. As quadrangulations are 2-connected,
the minimum degree δ := δ(Q) ≥ 2. Let v be a vertex of Q with d(v) = δ, and let u1, . . . , uδ
be the neighbors of v. The remaining n − δ − 1 vertices are at distance 2 from v. As
quadrangulations are bipartite, these n− δ − 1 vertices can only be adjacent to u1, . . . , uδ,
and have degree at least δ. Thus we get that Q ≃ Kδ,n−δ, and so Q contains Kδ,δ as a
subgraph. Since Q is planar, we get δ = 2 and Q ≃ K2,n−2. 
Figure 2. The graphK2,n−2 which minimizes the Wiener index among all
quadrangulations of order n.
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3. Minimum Wiener Index of 3-Connected Quadrangulations
First, we define a graph structure which we will use extensively in the remainder of this
section. Let v be a vertex of a 3-connected quadrangulation G. We define the sunflower
graph Sv around v (in the planar drawing of G), as v connected to its neighbors u1, . . . , ud
(listed in the cyclic order of the drawing), and different vertices w1, . . . , wd where wi is
connected to ui and ui+1 (see Figure 3).
First we need to show that such a graph, with distinct vertices, exists in the drawing. We
will also need a special property of the sunflower graph.
v
u1
u2
u3
u4
u5
u6
u7
ud
w1
w2
w3
w4w5
w6
w7
wd
Figure 3. The sunflower graph Sv around v.
Lemma 1. Assume that Q is a drawing of a 3-connected quadrangulation. Then, for any
vertex v, Q contains a sunflower graph Sv with 2d(v)+ 1 distinct vertices. Furthermore, the
region Rv bounded by the cycle u1w1 . . . uk−1wk−1 that contains v contains no vertices or
edges that are not in Sv.
Proof. We know δ(Q) ≥ 3 by the 3-connectedness. Label the neighbors of v by u1, . . . , ud,
in their planar cyclic order around v. For each pair of successive neighbors ui and ui+1
(indices taken modulo d) let wi 6= v be their common neighbor that completes the face fi
that has ui, v, ui+1 on its boundary. This means in particular, that the interior of fi has no
vertices or edges. If y is a neighbor of ui and y /∈ {v, wi−1, wi} then y must lie between wi−1
and wi in the planar cyclic order around wi, in particular, as d(wi) ≥ 3, wi−1 6= wi. As Q is
bipartite, ui 6= wj . We will show that each of the wi’s must be distinct. As Rv is the union
of the faces fi, this finishes the proof. Assume that wi = wj for some j 6= i, then we already
have that j /∈ {i − 1, i+ 1} and the vertices ui, ui+1, uj , uj+1 are all different. We consider
two regions of the planar drawing of Q: R1 is bounded by the 4-cycle ui+1vujwi and does
not contain the vertex ui, and R2 is bounded by the 4-cycle uivuj+1wi and does not contain
the vertex ui+1. Thus the faces bounded by uivui+1wi and ujvuj+1wj are disjoint from R1
and R2. The neighbors of ui that differ from v and wi must lie in R2 and the neighbors
of uj that differ from v and wi must lie in R1. Hence {v, wi} separates ui from uj (See
Figure 4), contradicting the fact that Q is 3-connected. 
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R2
v
ui ui+1 uj uj+1
wi = wj
R1
Figure 4. 2-element cutset in Sv when wi = wj .
Lemma 2. If G is a 3-connected quadrangulation with bipartite vertex classes A,B, then
∆(G) ≤ min{|A| − 1, |B| − 1}.
Moreover, if |B| < |A|, then for all v ∈ A we have d(v) ≤ |B| − 2.
Proof. Let v be a vertex with degree ∆ = ∆(G). Assume v ∈ B. As the sunflower Sv is a
subgraph of the planar drawing of G, we have 1+∆ ≤ |B| and ∆ ≤ |A|. We are done unless
|B| > |A| = ∆, which we assume from now on. As A = N(v), all neighbors of the vertices
of B lie in N(v), in particular, every wi has at least 3 neighbors in A. For each i let ki be
the largest positive integer such that wi has no neighbors in the set {ui−t : 1 ≤ t ≤ ki − 1}
and {ui+1+t : 1 ≤ t ≤ ki − 1}. Since for k = 1 the sets {ui−t : 1 ≤ t ≤ k − 1} and
{ui+1+t : 1 ≤ t ≤ k− 1} are empty, such a positive integers exist, they have an upper bound
from the fact that wi has at least 3 neighbors in A, and for the largest such integer ki we
have that at least one of ui−ki , ui+1+ki is a neighbor of wi that is different from ui, ui+1.
Chose i0 such that k = ki0 is minimal amongst the ki. By renumbering the ui if necessary
and changing the direction of the cyclic order we can assume that i0 = 1 and w1 is connected
to u1, u2, u2+k but none of u1−t, u2+t for all 1 ≤ t ≤ k−1. Let R be the region of the sphere
bounded by the 4-cycle u2vu2+kw1 that does not contain u1. Consider w2. By the definition
of w2 and k, w2 lies in R and it has at least one neighbor uj that does not lie in R. The
edge w2uj must cross the boundary of R, which contradicts the planarity of G. Thus, we
have ∆(G) ≤ min{|A| − 1, |B| − 1}, as claimed.
For the second part, assume |B| < |A|, i.e. n > 2|B|. We already know that ∆(G) ≤
|B| − 1. Assume that A contains a vertex v of degree |B| − 1. Since |A| = n− |B| and all
other vertices of A have degree at least 3, we have that 2n− 4 ≥ (|B|− 1)+3(n−|B|− 1) =
3n− 2|B| − 4, so n ≤ 2|B|, a contradiction. 
Lemma 3. The number of pairs of vertices at distance exactly 2 apart in a 3-connected
quadrangulation G of order n is at most∑
v
(
d(v)
2
)
− 2(n− 2).
This count is exact precisely when G has no non-facial 4-cycles.
Proof. Euler’s Formula gives us that any quadrangulation on n vertices has n−2 faces. The
number of 2-paths in G is equal to
∑
v
(
d(v)
2
)
. This sum, however, overcounts the number of
pairs of vertices distance 2 apart. In a 3-connected quadrangulation, two faces cannot share
two consecutive edges from their boundaries. Thus, for each face, we are double counting
the two pairs of vertices distance 2 apart, and so we may safely subtract 2(n− 2). There are
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pairs of vertices which we have double counted even after the substraction precisely when
there are non-facial 4-cycles. 
Figure 5. The graph Q3n which minimizes the Wiener index among all
3-connected quadrangulations on n = 2k (left) and n = 2k + 1 vertices
(right).
It can be verified by easy calculations that for the 3-connected quadrangulation Q3n on n
vertices, which is shown in Figure 5,
(1) W (Q3n) =
{
5n2
4 − 5n+ 8 if n = 2k
5n2
4 − 3n−
49
4 if n = 2k + 1.
Lemma 4. Let Q a 3-connected quadrangulation of order n, with partite classes A,B. Then
(2) W (Q) ≥ 2n2 − 2n− |A||B| − 2
∑
v
(
d(v)
2
)
.
Equality holds precisely when the diameter of Q is at most 4 and Q has no non-facial 4-
cycles. In particular, equality holds for Q = Q3n.
Proof. Let Q be an arbitrary 3-connected quadrangulation on n vertices, with partite classes
A,B. Let Di denote the number of unordered pairs of vertices at distance i in Q. Clearly
W (Q) =
∑
i i·Di. Observe that D1 = 2n−4, the number of edges; D2 ≤
∑
v
(
d(v)
2
)
−2(n−2)
by Lemma 3; D4+D6+D8 · · · ≥
(
|A|
2
)
+
(
|B|
2
)
−D2, as pairs of vertices from the same colorclass
must be at even distance; and finally, D3 +D5 +D7 + · · · ≥ |A| · |B| − (2n− 4), as pairs of
vertices from different colorclasses must be at odd distance.
Combining all of these information with the identity |A|+ |B| = n, we obtain that
W (Q) ≥ (2n− 4) + 2D2 + 3
[
|A| · |B| − (2n− 4)
]
+4
[(
|A|
2
)
+
(
|B|
2
)
−D2
]
= 2n2 − 2n− |A||B| − 2(D2 + 2n− 4)
≥ 2n2 − 2n− |A||B| − 2
∑
v
(
d(v)
2
)
.
The first inequality in the displayed formula is an equality precisely when the diameter of Q
is at most 4, and the second inequality is an equality when Q has no non-facial 4-cycles. 
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Theorem 4. Assume n ≥ 8, even. The graph Q3n in Figure 5 minimizes the Wiener index
among all 3-connected quadrangulations on n vertices. Moreover, up to isomorphism, this
minimizer is unique.
(Remark: There are no 3-connected quadrangulations on 9 vertices, or on fewer than 8
vertices, and there is a unique one on 8 vertices.)
Proof. As Q38 is is the unique 3-connected quadrangulation on 8 vertices, we can assume
n ≥ 10. Let Q be an arbitrary 3-connected quadrangulation on n = 2k vertices, with partite
classes A,B; k ≥ 5. Our lower bound for W (Q) in (2) is made smaller if we change |A||B| to
n/2, n/2, and (independently from |A|, |B|) maximize the sum of binomial coefficients. First
note that
∑
v
(
d(v)
2
)
= 12
∑
v d(v)
2−(2n−4), and also that
∑
v∈A d(v) = 2n−4 =
∑
v∈B d(v).
Since Q is 3-connected, for all v, we have d(v) ≥ 3, and by Lemma 2, d(v) ≤ ∆(Q) ≤
min(|A| − 1, |B| − 1) ≤ n2 − 1.
Assume that
∑
i xi = a > 0 is given, the xi’s are required to be integers from the interval
[b, c] with 0 < b, and we have to maximize
∑
i x
2
i . As long as for some xi ≥ xj (i 6= j) we
can change xi to xi + 1 and xj to xj − 1 within the given interval, we increase the sum of
squares. In our case a = 4n− 8, the xi’s are the degrees, and 3 ≤ xi ≤
n
2 − 1.
The optimum is when two of the xi are equal to
n
2 − 1, and the remaining entries are all
3’s. Given the condition on the graph that the degree sums in A and in B, the fact that
|A|, |B| ≥ (k − 1) + 1 = k the corresponding degree sequences in both A and B are given
by the sequence n2 − 1, 3, 3, ..., 3, if it is a realizable sequence. This coincides with the other
requirement that |A| = |B| = n2 , so this indeed gives the optimum, if realizable by a graph.
The degree sequence and the minimized lower bound for W (Q) in (2) is fortunately realized
by Q3n on the left side of Figure 5.
This extremal quadrangulation is in fact unique. Let T be a 3-connected quadrangulation
on n = 2k vertices, with the sameWiener index (and consequently the same degree sequence)
as Q3n. In particular, by our earlier work, each partition classes must have k vertices, and
there is precisely one vertex of degree k− 1 ≥ 4 in both partition classes, and the remaining
vertices have degree 3.
Let v be a vertex of maximum degree k−1, and construct the sunflower graph Sv around
v. Sv has exactly n − 1 vertices, T has one additional vertex v′. This vertex v′ is in the
same partite class as the ui vertices, and differs from v. So either v
′ has degree k − 1 and
hence is adjacent to all wi (in which case we have Q
3
n) or the degree of v
′ is 3 and one of
the ui (say u1) has degree k − 1 in T . Assume that the latter is the case. Then there is a
unique j ∈ {3, . . . , k − 2} such that u1 is not adjacent to wj . Let R be the region bounded
by the cycle u1wj−1ujwjuj+1wj+1u1 that does not contain v. As the interior of R contains
no vertices from Sv = T − v
′, and all neighbors of wj other than ui and ui−1 must be on the
interior of R, v′ is in the interior of R and is adjacent to wj . Since v′ must be adjacent to
3 vertices in w1, . . . , wk−1, and those can only be on the boundary of R, v′ is also adjacent
to wj−1 and wj+1. But this means that both wj−1 and wj+1 have degree at least 4, a
contradiction. 
Lemma 5. Assume n = 2k + 1, where k ≥ 9, and let Q be a 3-connected quadrangulation
on n vertices with partite sets A,B. If
(3)
∑
v∈V (G)
(
d(v)
2
)
< k2 + 2k + 7,
then W (Q) > W (Q3n). In particular, if ∆(Q) ≤ k − 2, then W (Q) > W (Q
3
n).
Proof. Assume n = 2k + 1 and k ≥ 9.
First note that for Q3n we have that∑
x∈V (Q3
n
)
(
d(x)
2
)
=
(k − 1)(k − 2)
2
+
(k − 2)(k − 3)
2
+ 12 + 3(2k − 3) = k2 + 2k + 7,
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and |A||B| ≤ k(k + 1), so if (3) holds then W (Q) < W (Qn) by (2).
Assume now that ∆(Q) ≤ k−2. Let x1, . . . , x2k+1 be a sequence of integers with 3 ≤ xi ≤
k − 2 that maximizes
∑(xi
2
)
. As
∑
xi is constant, we maximize
∑(xi
2
)
as we maximized∑
x2i in the proof of Theorem 4. The maximizing sequence is k − 2, k− 2, 6, 3, 3, . . . , 3, and
∑
x∈V (G)
(
d(x)
2
)
≤
2k+1∑
i=1
(
xi
2
)
= (k − 2)(k − 3) + 15 + 3(2k− 2) = k2 + k + 15 < k2 + 2k + 7.

Theorem 5. Assume n ≥ 11, odd, and let Q be a 3-connected quadrangulation of order n.
If W (Q) is minimum among the n vertex 3-connected quadrangulations, then Q ≃ Q3n.
Proof. As Q3n is indeed the unique 3-connected quadrangulation on n vertices with minimum
Wiener index for 11 ≤ n ≤ 28 as our computer search found, we assume n ≥ 29. Let
n = 2k+1 and k ≥ 14. Let Q be a 3 connected quadrangulation on n vertices with minimum
Wiener index, and A,B be the partite classes of Q with |A| > |B|. We have |A| ≥ k + 1
and |B| ≤ k. Lemma 5 gives ∆(Q) ≤ |B| − 1 ≤ k − 1. Lemma 2 gives ∆(Q) = k − 1,
which in turn shows |B| = k, |A| = k + 1. In addition, if d(v) = k − 1, Lemma 5 gives
v ∈ B. As the sum of the k degrees in B is the number of edges 2n− 4 = 4k− 2, and every
degree is at least 3, only two degree sequences are possible for B: (k − 1, 5, 3, 3, . . . , 3) or
(k − 1, 4, 4, 3, . . . , 3). We claim that ∆(A), the maximum degree of a vertex in A is k − 2.
Indeed, Lemma 5 showed ∆(A) ≤ |B| − 2 = k − 2. On the other hand, if ∆(A) ≤ k − 3,
then, as
∑
x∈A d(x) = 4k − 2, we have∑
x∈A
(
d(x)
2
)
≤
(
k − 3
2
)
+
(
4
3
)
+ (k − 1)
(
3
2
)
and ∑
x∈V (Q)
(
d(x)
2
)
≤
(
k − 3
2
)
+
(
4
3
)
+ (k − 1)
(
3
2
)
+
(
k − 1
2
)
+
(
5
3
)
+ (k − 1)
(
3
2
)
= k2 + k + 15 < k2 + 2k + 7,
and Lemma 2 contradicts the minimality of the Wiener index. Hence the degree sequence
of A is (k − 2, 3, . . . , 3). Now we figure what is the degree sequence of B. Assume that B
has degree sequence (k − 1, 5, 3, 3, . . . , 3). Refering the the sunflower graph Sv at vertex v,
where d(v) = k − 1, we have B = {v, w1, . . . , wk−1} and A = {w1, . . . , wk−1, x, y}. We can
assume without loss of generality that w1 ∈ B has degree 5. Since w1 is adjacent to 3 other
vertices of A besides u1 and u2, it is adjacent to at least one (and at most three) vertices uj ,
where 3 ≤ j ≤ k − 1. But then these vertices uj have degree at least 4. As A has a single
vertex with degree more than 3, we conclude that there is a unique j : 3 ≤ j ≤ k − 1 that
w1 is adjacent to, d(uj) = k − 1 and d(x) = d(y) = 3, and w1 is adjacent to x and y.
Let R1 and R2 respectively be the regions that do not contain v and are bounded by
the cycles w1u2w2u3 . . . wj−1ujw1 and w1ujwjuj+1 . . . wk−1u1w1. Recall from the sunflower
construction that the region Rv that is bounded by the cycle u1w1u2w2 . . . udwdu1 that
contains the vertex v does not contain any other vertices of Q. Now R1,R2 and Rv share
only vertices on the boundary, and the common boundary of R1 and R2 is the path ujw1.
R1 has j − 2 ≥ 1 vertices w2, . . . wj−1 from B on its common boundary with Rv that
can only have additional neighbors in the interior of R1, and R2 has k − j ≥ 1 vertices
wjwj+1, . . . , wk−1 from B on its common boundary with Rv that can only have additional
neighbors on the interior of R2. This means that x is in the interior of R1 and x is adjacent
to w2, . . . wj−1 and w1, y is in the interior of R2 and is adjacent to wjwj+1, . . . , wk−1 and
w1. (Exchange the names of x and y if needed.) Since d(x) = d(y) = 3, this means
3 = j − 1 = k − j + 1, so j = 4 and k = 6, which contradicts k ≥ 14. Thus the integer
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sequence that maximizes the the sum of squares, and satisfies the conditions we have for the
degree sequence of G in B is k − 1, 4, 4, 3, . . . , 3, the degree sequence of Q3n. Since Q
3
n is a
3-connected quadrangulation with diameter at most 3, this shows that W (Q3n) is minimal,
and the degree sequence of Q is the same as the degree sequence of Q3n, and furthermore,
the degree sequences of their respective partite classes are the same. Last, we need to show
that Q ≃ Q3n.
There are two vertices in B with degree 4, we assume without loss of generality that those
are w1 and wj . As all but one vertices of A = {u1, . . . , uk−1, x, y} have degree 3, at most
one of the vertices u1, . . . , uk−1 can have edges incident upon it that are not edges of Sv.
Assume that ui has an edge incident upon it that is not an edge of Sv, then d(ui) = k− 2
and all other vertices in A have degree 3. This means that ui is adjacent to precisely k−5 of
the vertices in {ws : s /∈ {i−1, i}, 1 ≤ s ≤ k−1}, so it is adjacent to at least one wℓ such that
ℓ /∈ {i− 1, i}. If i < ℓ ≤ k− 1 then uivuℓwℓui is a non-facial 4-cycle (as uiwiui+1 . . . wℓ−1uℓ
lies in one of the regions bounded by this cycle while wℓuℓ+1wℓ+1 . . . wi−1ui lies in the other
region). If 1 ≤ ℓ < i − 1 then uivuℓ+1wℓui is a non-facial 4-cycle. Since Q can not have
non-facial 4 cycles by Lemma 4, this is a contradiction
Therefore none of the ui has a neighbor outside of Sv. In this case w1 and wj must
both be adjacent to x and y. Without loss of generality the region R bounded by the
cycle xw1u2w2 . . . ujwjx that does not contain v contains y. (Otherwise we exchange the
name of x and y). If j = k − 1, then x is on the interior of the 4-cycle ywk−1u1w1y
that does not contain v, and the degree of x can only be 2, which is a contradiction. If
j = 2, then R is bounded by a 4-cycle and y can have only degree 2, a contradiction. So
3 ≤ j ≤ k − 2, the k − 1 − j ≥ 1 vertices wj+1, wj+2, . . . , wk−1 must have x as their third
neighbor, and the the j−2 ≥ 1 vertices w2, w3, . . . , wj−1 must have y as their third neighbor.
So {d(x), d(y)} = {k + 1 − j, j} = {3, k − 2}, which gives j ∈ {3, k − 2}. This is precisely
the graph Q3n.

4. Minimum Wiener Index of 5-Connected Triangulations
Euler’s formula shows that there are no 5-connected triangulations on fewer than 12
vertices, and computer search shows that there is only one on 12 vertices and there are none
on 13 vertices.
We state some facts about triangulations of a simple n-gon not using additional vertices.
Such triangulations can be viewed as planar graphs, where all but one of the faces are
bounded by a 3-cycle (we will refer to such a faces as triangles).
Lemma 6. Let n ≥ 4. Any triangulation of a simple n-gon uses n− 3 additional edges (i.e.
edges which are not edges of the n-gon), and has at least 2 triangles with exactly two of their
boundary edges on the n-gon.
Proof. The fact that the triangulation has n − 3 edges (and consequently n − 2 triangles)
is an easy induction on n. When n ≥ 4, all these triangles have at most 2 boundary edges
on the n-gon. As there are n − 2 triangles inside and n edges on the n-gon itself, by the
pigeonhole principle some two triangles must have two edges from edges of the n-gon. 
We need the following basic facts about 5-connected triangulations:
Lemma 7. Let T be a 5-connected triangulation on n vertices. Then the following are true:
(a) Every 3-cycle is a boundary of a face and every 4-cycle is a boundary of a region
whose interior does not contain vertices of the graph, and contains exactly one edge.
(b) Every edge lies on exactly on two triangles. If abc and bcd are triangles, then ad is
not an edge.
(c) For every edge xy there is precisely one 4-cycle that goes through its vertices but
does not use the edge; hence the number of 4-cycles in T is 3(n− 2).
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(d) If x, y are non-adjacent vertices in T , then there is at most one 4-cycle that contains
them.
(e) Let Di denote the number of unordered pairs of vertices at distance i in T . We have
D1 = 3(n− 2) and
D2 =
∑
x∈V (T )
(
d(x)
2
)
− 9(n− 2).
(f)
W (T ) ≥ 3
(
n
2
)
−
∑
x∈V (T )
(
d(x)
2
)
+ 3(n− 2),
with equality if and only if T has diameter at most 3.
Proof. (a) follows from the fact that if C is a cyle that bounds two regions that both contain
vertices in their interior, then the vertices of C form a cutset, therefore C has at least 5
vertices.
(b): An edge bounds two faces that are triangles, and if there is a third 3-cycle using the
edge, the other two edges of two of these 3-cycles give a 4-cycle that has vertices in both of
its regions. If abc and bcd are triangles such that ad is an edge, then one of abd, acd would
be a non-facial triangle unless n = 4. Both of these contradict (a), and (b) follows.
(c): Since every 4-cycle abcd bounds a region that has no vertices but has an edge (say
bc), and if bc is an edge then ad can not be an edge by (b), for every 4-cycle there is a unique
edge that is not part of the cycle and connects two of its vertices. So we can map 4-cycles
to edges by assigning this edge to each cycle. If two different 4-cycles map to the same edge,
one of the 4-cycles must be a separating 4-cycle, so this map is injective. As the number of
triangles an edge is on is 2, every edge is assigned to precisely one of these 4-cycles, so the
map is surjective as well. Thus, the number of 4-cycles is the same as the number of edges,
which is 3(n− 2) in any planar triangulation. (c) follows.
(d): If x, y are non-adjacent vertices that appear on two 4-cycles, then there are at least
three paths of length 2 that connects x with y. Some two of these form a 4-cycle that bounds
two regions that have vertices on their interiors, contradicting (a)
(e): Observe that D1 is exactly the number of edges of T , 3(n− 2). The formula
∑(d(x)
2
)
counts the number of paths of length 2 between unordered pairs of vertices. If an unordered
pair of vertices have more than 1 such path, it appears on a 4-cycle, and by (c) and (d)
this 4-cycle is unique. As each 4-cycle contains exactly two such unordered pairs of vertices,
the number of unordered pairs of vertices that have a path of length 2 between them is∑(d(x)
2
)
− 6(n − 2) by (c). As every edge is contained in exactly one 4-cycle, this equals
D1 +D2, proving (e).
(f): As
∑
iDi =
(
n
2
)
and we get
W (T ) =
∑
i
iDi ≥ D1 + 2D2 + 3
((
n
2
)
−D1 −D2
)
= 3
(
n
2
)
− 2D1 −D2
= 3
(
n
2
)
−
∑
x∈V (T )
(
d(x)
2
)
+ 3(n− 2),
and equality holds if the diameter is at most 3. 
As in the previous section, we define a graph construction, which we will use extensively.
Let T be a 5-connected triangulation, and let v ∈ V (T ) have degree d. We define the mosaic
graph Mv at vertex v, together with its planar drawing, in the following way. Mv contains
the neighbors of v in G, u1, u2, . . . , ud, with the edges vui, such that vertices ui are labeled
according the clockwise cyclic order of the edges. We add the uiui+1 ∈ E(T ) for every
1 ≤ i ≤ d (indices are taken modulo d) according the drawing of T . We also add a vertex
wi 6= v, which is a common neighbor of ui and ui+1, together with edges joining them to ui
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and ui+1 in T , following the drawing of T , for every i. We will show that Mv has 2d + 1
distinct vertices.
v
u1
u2
u3
u4
u5
u6
u7
ud
w1
w2
w3
w4w5
w6
w7
wd
Figure 6. Mosaic graph around v, Mv.
Lemma 8. If T is a drawing of a 5-connected triangulation and v is any vertex of it with
degree d(v) = d, the mosaic graph Mv in T has 2d + 1 distinct vertices. Furthermore, the
region Rv that is bounded by the cycle u1w1u2w2 . . . udwd and contains the vertex v, contains
edges and vertices form T only if they are in the mosaic graph Mv. In addition, T contains
at least one vertex not in Mv, consequently ∆(T ) ≤ ⌊
n
2 ⌋ − 1.
Proof. Since T is 5-connected, δ(T ) ≥ 5. As before, label the neighbors of v by u1, . . . , ud,
in their planar clockwise cyclic order around v. We automatically get that uiui+1 is an
edge, since we have a triangulation. For each pair of successive neighbors ui and ui+1
(indices taken modulo d) let wi 6= v be their common neighbor that completes the face that
has uiui+1 on its boundary but not v. This means, in particular, that Rv will satisfy the
required property, we just need to show that the vertices listed in Mv are all distinct.
If y is a neighbor of ui and y /∈ {v, wi−1, wi} then y must lie between wi−1 and wi in the
planar cyclic order around wi, In particular, as d(ui) ≥ 5, wi−1 6= wi.
Also, ui 6= wj , as otherwise v, ui, uj would be a 3-element cutset.
Assume now that wi = wj for some j 6= i. We already have that j /∈ {i− 1, i+1} and the
vertices ui, ui+1, uj , uj+1 are all distinct. We consider two regions of the planar drawing of
T : R1 is bounded by the 4-cycle ui+1vujwi and does not contain the vertex ui, and R2 is
bounded by the 4-cycle uivuj+1wi and does not contain the vertex ui+1.
The neighbors of ui that differ from v, ui+1 and wi, lie in R2 and the neighbors of uj
that differ from v, uj+1 and wi, must lie in R1. Hence {v, ui+1, uj+1, wi} separates ui from
uj (See Figure 7), contradicting that T is 5-connected.
Now let v be the vertex with maximum degree ∆ = ∆(T ). The mosaic graph Mv around
v contains 2∆ + 1 vertices. If T contains a vertex that is not in Mv, then 2∆(T ) + 2 ≤ n,
and the claim follows.
If T does not contain a vertex that is not in Mv, then set of edges E not in Mv form a
triangulation of the 2∆-cycle u1w1u2w2 . . . u∆w∆u1 on the region different from Rv; con-
sequently |E| = 2∆ − 3. Note that for any 1 ≤ i < j ≤ ∆, we have uiuj 6∈ E, otherwise
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R2
v
ui ui+1 uj uj+1
wi = wj
R1
Figure 7. 4-element cutset in Mv when wi = wj .
the 3-cycle uiujv would contain the vertices wi and wj+1, and ui, uj, v would be a cutset
of size 3, a contradiction. Also note that for any j /∈ {i, i − 1}, uiwj 6∈ E, otherwise the
4-cycle uiwjujv has the vertices wi and wi−1 on its different sides, giving a cutset of size 4.
Therefore every edge in E connects two vertices of W = {w1, . . . , w∆}.
But then for every i, the edges wi−1ui and uiwi lie on the boundary of the same face,
giving wi−1wi ∈ E. Hence w1, . . . , w∆ determines a ∆-gon, which does not contain v, and
this ∆-gon is triangulated by the remaining edges of E. Lemma 6 applies. Say, wi−1, wi, wi+1
is such a triangle. Then d(wi) = 4, contradicting the fact that T is 5-connected. 
Figure 8. The graph T 5n which minimizes the Wiener index among all 5-
connected triangulations on n = 2k vertices (left) and on n = 2k+1 vertices
(right).
We will show that for every n ≥ 12, n 6= 13 the 5-connected triangulations T 5n (see
Figure 8) achieve the minimum Wiener index. It is easy to see that every T 5n is 5-connected,
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Figure 9. The graph X . The two blue vertices are at distance 4.
and, as they have diameter 3, it can be easily shown that,
(4) W (T 5n) =
{
5n2
4 − 7n+ 12 if n = 2k
5n2
4 − 6n−
9
4 if n = 2k + 1.
The graph X , which is a 5-connected triangulation on 19 vertices (see Figure 9) has
(5) W (X) = 335 =W (T 519).
We will also show that X the only 5-connected triangulation that is not isomorphic to any
T 5n and achieves the minimum Wiener index for its order. Note that as X is of diameter 4,
the lower bound in Lemma 7 (f) cannot be used to compute W (X).
We define an extension of the mosaic graphMv, the extended mosaic graph M
⋆
v . Given a
5-connected triangulation G and a vertex v with mosaic graph Mv, we introduce the graph
M⋆v , on the vertex set of Mv, by setting
E(M⋆v ) = E(Mv) ∪ {wiwi+1 : 1 ≤ i ≤ k − 1, wiwi+1 ∈ E(G)}.
Note that wiwi+1 ∈ E(G) if an only if d(ui) = 5. Let R⋆v denote the extension of Rv by
adding to it the faces bounded by the 3-cycles uiwiwi+1 for all edges wiwi+1 ∈ E(G); let Cv
denote the boundary cycle of R⋆v; and let Q
⋆
v denote the other (outer) domain defined by the
cycle Cv. Now all vertices of G that are not vertices of Mv and all edges of E(G) \ E(M
⋆
v )
lie in the region Q⋆v of the drawing of G.
We will use the following notation in the rest of the section. Given a 5-connected trian-
gulation G and a vertex v, if a, b are vertices of Cv, then Pv(a, b) denotes the path on the
cycle Cv from a to b that follows the clockwise cyclic order. (So if Cv = (w1, w2, . . . , wd)
in clockwise cyclic order, then Pv(w1, w2) is just the edge w1w2 with its endpoints, while
Pv(w2, w1) goes through all vertices of the cycle and misses only one edge).
Lemma 9. Let G be a 5-connected triangulation on n ≥ 12 vertices and let v be a vertex of
G with d(v) = d. Consider the extended mosaic graph M⋆v . The following are true:
(a) Every vertex z ∈ V (Cv) has an edge of E(G) \ E(M
⋆
v ) incident upon it.
(b) If for some z1, z2 ∈ V (Cv) we have z1z2 ∈ E(G) \ E(M⋆v ), then z1z2 cuts Q
⋆
v into
two subregions, each containing a vertex of G in its interior.
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(c) If n is even and d(v) = n2 − 1, then G ≃ T
5
n
Proof. Set W = {w1, . . . , wd} and U = {u1, . . . , ud}.
(a): Observe W ⊆ V (Cv) ⊆ W ∪ U . Vertices in W have degree at most 4 in M
⋆
v , and
vertices of U have degree 5 in M⋆v . If a vertex of U has degree 5 in G, then it is not a vertex
of Cv. (a) follows.
(b): Assume z1, z2 ∈ V (Cv) where z1z2 ∈ E(G) \ E(M⋆v ), and z1z2 cuts Q
⋆
v into two
subregions, one of which (say R) contain no vertices in their interior. Then the edges lying
in the interior of R are edges of E(G) \ E(M⋆v ) that form a triangulation of R, and by
Lemma 6 this triangulation contains two faces with two boundary edges on the boundary
of R. One of these faces, f , does not have z1z2 on its boundary; Let c be the common
endvertex of the two edges of f on the boundary of R. Then c can not have an edge from
E(G) \ E(M⋆v ) incident upon it, contradicting (a).
(c): Assume now that n is even and d(v) = n2 − 1. Lemma 8 gives ∆(G) = d(v). G
has exactly one vertex, say x, not in Mv, and hence in the region Q⋆v. Then the previously
proven (a) and (b) imply that E(G) \ E(M⋆v ) = {z1x : z1 ∈ V (Cv)}. As W ⊆ Cv, d(x) ≥
|W | = d(v) = ∆(G), we get d(x) = n2 − 1 and W = Cv, and each edges of the form wiwi+1
is an edge of M⋆v . (c) follows. 
Theorem 6. Assume that n ≥ 12 and is even. The graph T 5n is the unique graph that
minimizes the Wiener index among all 5-connected triangulations of order n.
Proof. Let n ≥ 12 even and assume T is a 5-connected triangulation on n = 2k vertices
(k ≥ 7). The degree sum of T is 2(3n − 6) = 6n− 12, and Lemma 8 gives ∆(T ) ≤ n2 − 1.
The integer sequence y1, . . . , yn that sums to 6n− 12, satisfies 5 ≤ yi ≤
n
2 − 1 and has the
largest sum of squares is n2 − 1,
n
2 − 1, 5, 5, . . . , 5, which is exactly the degree sequence of T
5
n .
As T 5n has diameter 3, by Lemma 7 (f) T
5
n indeed has the minimum Wiener index among all
5-connected n-vertex triangulations. We know that the degree sequence of T is the same as
the degree sequence of T 5n , T ≃ T
5
n follows from Lemma 9 (c). 
To handle odd order triangulations, we need a bit more information about their structure.
Lemma 10. Let n be odd and G be a 5-connected triangulation on n ≥ 17 vertices with
∆ = ∆(G) = ⌊n2 ⌋ − 1. Assume further that at most 4 vertices of G have degree greater than
5. Let v be a vertex with d(v) = ∆(G). Consider the extended mosaic graph M⋆v , and the
sets W = {w1, . . . , w∆} and U = {u1, . . . , u∆}. Let x1, x2 denote the two vertices not in
M⋆v . The following are true:
(a) For i ∈ {1, 2}, there are vertices ai, bi ∈ V (Cv) such that N(xi)\{x3−i} = V (Pv(ai, bi)).
(We refer to these ai, bi vertices in the forthcoming cases.) Furthermore, if
c ∈ V (Pv(a1, b1)) ∩ V (Pv(a2, b2)) then c = a1 = b2 or c = a2 = b1.
(b) For i ∈ {1, 2} we have V (Pv(ai, bi)) ⊆ W . Consequently, d(xi) ≤ ∆ − 1, and if
x1x2 /∈ E(G) then d(xi) ≤ ∆− 2.
(c) x1x2 ∈ E(G) implies the following: a1 = b2, b1 = a2, V (Cv) = W , all vertices in
U ∪W \ {a1, a2} have degree 5, and d(a1) = d(a2) = 6.
(d) x1x2 /∈ E(G) implies the following: a1b1, a2b2 ∈ E(G). Moreover, for i ∈ {1, 2}, if
ci ∈ V (Pv(bi, a3−i)) and z ∈ V (G) \ {x1, x2} such that ciz ∈ E(G) \ E(M⋆v ) then
z ∈ V (Pv(b3−i, ai)), the neighbors of ci in Pv(b3−i, ai) form a consecutive sequence
of vertices on this path.
(e) If x1x2 /∈ E(G), and a1 6= b2, and a2 6= b1, then G has exactly 4 vertices of degree
greater than 5, at least two of which are of degree 7.
(f) If x1x2 /∈ E(G), a1 = b2 and a2 = b1, then V (Cv) = W , d(a1) = d(a2) = 7 and for
all c ∈ U we have d(c) = 5.
(g) If x1x2 /∈ E(G), a1 = b2 and a2 6= b1, then d(a1) = 6 + |V (Pv(b1, a2))|. In addition,
we have one of the following:
[i] V (Cv) =W , d(b1) = d(a2) = 6 and d(z) = 5 for all z ∈ (W ∪ U) \ {a1, a2, b1}
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[ii] There is a vertex u ∈ U such that Pv(b1, a2) = b1ua2, d(a1) = 9, d(u) = 6, and
for all c ∈ (W ∪ U) \ {a1, u}, we have d(c) = 5.
Proof. Let G, v, x1, x2 be as in the conditions. Note d(v) ≥ 7.
(a): Assume i ∈ {1, 2}. As d(xi) ≥ 5, xi has at least 4 neighbors on Cv, so there are
vertices ai, bi ∈ N(xi) ∩ V (Cv) such that all vertices in N(xi) \ {x3−i} lie on the path
Pv(ai, bi) and x3−i does not lie in the interior of the subregion of Q⋆v bounded by the cycle
xiPv(ai, bi). By Lemma 9 (b) no two vertices in Pv(ai, bi) can be joined by an edge that is
not in M⋆v . As every vertex of Cv has at least one edge incident upon it from E(G)\E(M
⋆
v ),
we must have V (Pv(ai, bi)) ⊆ N(xi), therefore V (Pv(ai, bi)) = N(xi) \ {x3−i}. As all edges
incident upon x1 or x2 lie in the region Q⋆v and do not cross, the two paths share at most
their endvertices.
(b): For the contrary, assume c ∈ U ∩ V (Pv(ai, bi)). As d(xi) ≥ 5, Pv(ai, bi) has at least
4 vertices. Therefore, there exists an internal vertex c⋆ of the path Pv(ai, bi), such that the
edge cc⋆ is an edge of this path. This means c⋆ ∈ W (see Lemma 9(b)), c⋆ has at most 3
edges incident upon it in E(M⋆v ), and the only edge in E(G)\E(M
⋆
v ) incident upon c
⋆ is c⋆xi,
contradicting d(c⋆) ≥ 5. Thus, V (Pv(ai, bi)) ⊆W . By part (a), we have |V (Pv(a3−i, b3−i))\
V (Pv(ai, bi))| ≥ 2. Hence ∆ = |W | ≥ |V (Pv(ai, bi))| + |V (Pv(a3−i, b3−i)) \ V (Pv(ai, bi))|.
As N(xi) = V (Pv(ai, bi)) or V (Pv(ai, bi)) ∪ {x3−i}, depending on whether x1x2 is non-edge
or edge, the claim (b) follows.
(c): Assume that x1x2 ∈ E(G) but b2 6= a1. Then either Pv(b2, a1) has an internal vertex
c or b2a1 ∈ E(G). In the first case, as c ∈ Cv, there is at least one edge in E(G) \ E(M⋆v )
incident upon c by Lemma 9 (a). All edges of E(G) \E(M⋆v ) incident upon c must lie in the
subregion of Q⋆v bounded by the cycle Pv(b2, a1)x1x2. By Lemma 9 (b) these edges must be
of the form cx1 or cx2. But none of these are edges of G, which is a contradiction. In the
second case b2a1 ∈ E(G), and the subregion of Q⋆v bounded by the 4-cycle b2a1x1x2 has no
vertices in its interior, so we must have either x1b2 ∈ E(G) or x2a1 ∈ E(G), a contradiction.
So a1 = b2, and b2 = a1, which gives Cv = W by (b). All w ∈ W is incident to 4 edges of
M⋆v , but a1, a2 ∈ W are incident to 2 more edges, and vertices of W \ {a1, a2} are incident
to one more, (c) follows.
For the remaining cases assume that x1 and x2 are not adjacent.
(d): In this case the edges xiai, xibi lie on the boundary of the same face, so aibi ∈
E(G), and aibixi is a face. Let ci ∈ V (Pv(bi, a3−i)) and z ∈ V (G) \ {x1, x2} such that
ciz ∈ E(G) \ E(M⋆v ). As ci lies on the connected subregion R of Q
⋆
v bounded by the
cycle P (b1, a2)P (b2, a1), Lemma 9 (b) gives that z ∈ V (P (b3−i, ai)), as claimed. Also, if
z1, z2 ∈ V (P (b3−i, ai)) are different neighbors of ci where z1z2 is not an edge of the path
Pv(b3−i, ai), then by Lemma 9(b) any vertex z3 of the z1 − z2 subpath of P (b3−i, ai) can
only have the edge z3ci incident upon it from E(G) \ E(M⋆v ). (d) follows.
(e): Assume that a1 6= b2, a2 6= b1. Let R be the connected subregion of Q⋆v bounded
by the cycle Pv(b2, a1)Pv(a2, b1). The assumptions of the Lemma imply that d(v) = ∆ ≥ 6
and no more than 4 vertices have degree greater than 5. Therefore, it is enough to find 4
vertices in V (G) \ {v} with degree greater than 5. As d(v) = ∆ ≥ 6, Cv contains at most
3 vertices with degree greater than 5. Case (d) gives that a1b1, a2b2 ∈ E(G) \ E(M
⋆
v ). As
by (b) V (P (ai, bi)) ⊆ W , each of a1, a2, b1, b2 has at least 3 edges incident upon them in
E(M⋆v ). (In fact, at least 4, unless they are connected to a vertex in U by an edge on Cv).
Let z1, z2, c1, c2 be given such that bjzj , ciai are edges of the path Pv(bj , ai) for i 6= j. At
this point, we only know 2 ≤ |{ai, ci, zj, bj}|. Since not all of a1, b1, a2, b2 has degree at least
6, we can assume without loss of generality that d(a1) ≤ 5.
By definition a1 is joined to x1, and by (d), to b1. Then, by the paranthesized comment,
we must have c1 ∈ U and hence c1 6= b2 ∈ W . As we accounted for all 5 edges at a1, no
edge leaves a1 between the edges a1b1 and a1c1 in Q
⋆
v, hence the edges a1b1 and a1c1 must
lie on the boundary of a common face in R, and as this face must be a triangle, we have
c1b1 ∈ E(G). As c1 ∈ U , c1 has 5 neighbors in M∗v , and we found its 6
th neighbor, b1.
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b1 ∈W by (b) has 3 incident edges in M⋆v as discussed above, and has 3 further neighbours,
namely x1, a1, c1. We conclude d(b1), d(c1) ≥ 6.
As b1, b2, c1, a2 are 4 different vertices on Cv, and d(b1), d(c1) ≥ 6, we have
(6) d(a2) ≤ 5 or d(b2) ≤ 5.
If d(a2) ≤ 5, then we obtain by repeating the arguments of the paragraph above, changing
i to 3− i everywhere, that b1, b2, c1, c2 are 4 different vertices of degree greater than 5 in Cv,
a contradiction. So we must have d(a2) ≥ 6, and by (6), d(b2) ≤ 5.
But then this gives as before that z2 ∈ U , z2a2 ∈ E(G), and the vertices b1, c1, a2, z2 all
have degree greater than 5, so we must have c1 = z2. In addition as vertices of U have degree
at least 6, and we already have 3 such vertices on Cv, V (Pv(a2, b1)) ∩ U = ∅. This means
that the 4 vertices v, b1, a2, c1 = z2 all have degree greater than 5. As c1 is adjacent to a2
and b1, by (d) c1 is adjacent to all vertices in Pv(b1, a2). This shows d(c1) ≥ 7, but we cannot
show here equality. However, d(b1) = d(a2) = 7, as both b1 and a2 have 4 edges in M
∗
v , and
we can account for all of their remanining neighbors: x1, a1, c1 for b1 and x2, b2, z2 = c1 for
a2. (e) follows.
(f): Assume a1 = b2 and a2 = b1. Then by (b) V (Cv) = W , and any edge from
E(G) \E(M⋆v ) incident upon a vertex w ∈ W \ {a1, a2} connects w to exactly one of x1, x2.
As the 4-cylce x1a1x2a2 must have a diagonal edge inside, it must be a1a2 ∈ E(G). Both
ai has 4 edges in M
∗
v , and in addition, it joined to exactly 3 more vertices: x1, x2, a3−i. (f)
follows.
(g): Assume a1 = b2 and a2 6= b1. We have a1x1, a1x2 ∈ E(G) and by (d), all vertices of
Pv(b1, a2) are neighbors if a1. All other neighbors of a1 are one of the 4 neighbors of a1 in
M⋆v . Consequently d(a1) = 6 + |V (Pv(b1, a2))|, which finishes the main part of (g).
(g) [i]: Since V (Cv) = W , then we must have d(a2) = d(b1) = 6, as a2, b1 have each
4 neighbors in M∗v , and both are joined to a1 = b2, and to a single xi, and not joined to
anything else. As every w ∈ W \ {a1, a2, b1} has 4 neighbors in M∗v , and is joined by an
edge in E(G) \E(M⋆v ) to the vertex a1, and nothing else, we have d(w) = 5. If u ∈ U , then
only the 5 edges already in E(M⋆v ) are incident upon u, so d(u) = 5. [i] follows.
(g) [ii]: Now we can assume V (Cv) 6= W . As both a1 and v already have degree larger
than 5, and every vertex in V (Cv) ∩ U has degree at least 6, Cv can contain at most two
vertices from U . From (b) we know V (Cv) ∩ U ⊆ Pv(b1, a2). If |V (Pv(b1, a2))| ≥ 4 and
c ∈ V (Pv(b1, a2)) ∩ U , then c has a neighbor z that is an internal vertex of Pv(b1, a2) such
that cz is an edge of this path, and consequently z ∈W . Since the only edge in E(G)\E(M⋆v )
incident upon z is za1, we have d(z) ≤ 4, a contradiction. So P (b1, a1) = b1ua1 for some
vertex u ∈ U . The required degrees are easy to check. (g) follows. 
Lemma 11. Let n ≥ 17 be odd. If G is a 5-connected triangulation on n vertices, then it
has at most one vertex of degree ⌊n2 ⌋ − 1.
Proof. Let n = 2k + 1, k ≥ 8. Let G be a 5-connected triangulation on n = 2k+ 1 vertices,
with ∆(G) = n2 − 1 = k − 1. Let v be a vertex of degree k − 1 and consider the extended
mosaic graph M⋆v . Let x1, x2 be the vertices of G not in Mv. Set U = {u1, . . . , uk−1} and
W = {w1, . . . , wk−1}. Let a1, a2, b1, b2 be the vertices described in Lemma 10 (a).
Assume that G has two vertices of degree k − 1 ≥ 7. Then the degree sequence of G is
(k− 1, k− 1, 6, 5, . . .5). In particular, there are exactly 3 vertices G with degree bigger than
5, and exactly one of them has degree 6.
Therefore Lemma 10 (b), (c), (d) , (f), (e) and (g) (especially (g) [ii]) gives that we have
d(x1), d(x2) < k−1, x1x2 /∈ E(G), a1b1, a2b2 ∈ E(G), and without loss of generality a1 = b2
and a2 6= b1, d(a1) = 9 = k − 1, n = 21, Pv(b1, a2) = b1ua2 for some u ∈ U , d(u) = 6,
for all z ∈ (U ∪W ) \ {u, a1} we have d(z) = 5, and consequently d(x1) = d(x2) = 5. The
resulting structure is the graph on Figure 10, which has a separating a 4-cycle, so it is not
5-connected.

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Figure 10. The planar triangulation on 21 vertices with degree sequence
(9, 9, 6, 5, 5, . . . , 5). The blue vertices are on a 4-cycle, whose vertices form
a cutset.
Lemma 12. Let n ≥ 19 be odd. If G is a 5-connected triangulation such that the three largest
degrees are ⌊n2 ⌋ − 1, ⌊
n
2 ⌋ − 2, d3 and d3 ≥ 7, then n = 19, G ≃ X and W (G) =W (T
5
19)
Proof. Let n = 2k + 1, k ≥ 9 and G be a 5-connected triangulation such that the three
largest degrees are d1 = ⌊
n
2 ⌋ − 1 > d2 = ⌊
n
2 ⌋ − 2 ≥ d3 ≥ 7. Then the degree sequence of G
is (k − 1, k − 2, 7, 5, 5, . . . , 5).
Let v be a vertex of degree k− 1 and consider the extended mosaic graph M⋆v . Let x1, x2
be the vertices of G not in Mv. Set U = {u1, . . . , uk−1} and W = {w1, . . . , wk−1}. Let
a1, a2, b1, b2 be the vertices described in Lemma 10 (a).
By Lemma 10 (b), (c), (d), (e), (f) and (g) we get that x1x2 /∈ E(G), d(x1) = d(x2) < k−2,
a1b1, a2b2 ∈ E(G), a2 = b1, a1 = b2, d(a1) = d(a2) = 7 and for all c ∈ U ∪W \ {a1, a2}
d(c) = 5. This implies that we must also have d(x1) = 5, d(x2) = 5 and k − 2 = 7, i.e.
n = 19. This gives G ≃ X and W (G) =W (T 519) as claimed. 
Lemma 13. Let n ≥ 19 be odd. If G is a 5-connected triangulation with the same degree
sequence as T 5n, then either G ≃ T
5
n or W (G) > W (T
5
n).
Proof. Let n = 2k + 1, k ≥ 9 and G be a 5-connected triangulation with degree sequence
(k− 1, k− 2, 6, 6, 5, 5, . . . , 5). So G has 4 vertices with degree greater than 5, exactly two of
which has degree 6.
Let v be a vertex of degree k− 1 and consider the extended mosaic graph M⋆v . Let x1, x2
be the vertices of G not in Mv. Set U = {u1, . . . , uk−1} and W = {w1, . . . , wk−1}. Let
a1, a2, b1, b2 be the vertices described in Lemma 10 (a).
By Lemma 10 (b), (c), (d), (e), (f), and (g) we have one of the following:
(1) x1x2 ∈ E(G), a1 = a2, V (Cv) = W , d(a1) = d(a2) = 6, and all vertices in U ∪W \
{a1, a2} have degree 5; then without loss of generality d(x1) = k− 2, d(x2) = 5. We
have G ≃ T 5n .
(2) x1x2 /∈ E(G), without loss of generality a1 = b2 and a2 6= b2, d(a1) = 6 +
|V (Pv(b1, a2)), V (Cv) = W , d(a1) = d(a2) = 6 and d(z) = 5 for all z ∈ W ∪
U \ {a1, a2, b2}. This implies that d(x1) = d(x2) = 5, |V (Pv(b1, a2))| = k − 8 ≥ 2
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(so k ≥ 10 and n ≥ 21) and d(a1) = k − 2. So we have exactly one graph for each
n ≥ 21, see Figure 11. These graphs have diameter at least 4, as indicated by the
pair of vertices marked in Figure 11, and consequently by Lemma 7 (f) their Wiener
index is larger than that of T 5n , which is a graph with the same degree sequence.
Figure 11. The other graphs that have the same degree sequence as T 5n ,
on 21, 23 and 25 vertices. The red vertices/edges on the 25 vertex graph
indicate the pattern that needs to be repeated to get higher vertex count.
The two blue vertices are at distance 4.

Theorem 7. Let n ≥ 15, odd. If n 6= 19, then the unique graph that among 5-connected
triangulations on n vertices has minimum Wiener index is T 5n. If n = 19, then there are
precisely two such graphs, T 519 and X.
Proof. Let n = 2k+ 1. The theorem is true for n ∈ {15, 17} by computer search, so assume
k ≥ 9. Let G be a 5-connected triangulation on n vertices with minimum Wiener index,
and let d1 ≥ d2 ≥ . . . ≥ dn be the degree sequence of G. Then all di is at least 5 and by
Lemmata 8 and 11 we have d1 ≤ k − 1 and d2 ≤ k − 2.
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If d1+d2 < 2k−3 = n−4, we set (y1, . . . , yk) = (d1, . . . , dk) and we perform the following
algorithm: If for i ∈ {1, 2} yi < k − i, pick 3 ≤ j ≤ n such that yj is maximum among
{yℓ : 3 ≤ ℓ ≤ n}, and set yi = yi + 1, yj = yj − 1. Every time we perform the operation,
we do not change the sum of the numbers and we increase the sum of squares. Also, as the
sum of the numbers is 6(n− 2),
∑
ℓ≥3 yi ≥ 6(n− 2)− (n− 4) > 5(n− 2), we have that the
algorithm stops at a sequence (y1, . . . , yk) with y1 = k − 1, y2 = k − 2 and yi ≥ 5 for all i.
Set (x1, . . . , xn) to be the permutation of the yi sequence the algorithm stopped on given in
decreasing order. Considering the fact that
∑
xi = 6(n− 2) = 12k − 6, (x1, . . . , xn) is one
of (k − 1, k − 2, 7, 5, . . . , 5) and (k − 1, k − 2, 6, 6, 5, . . . , 5).
If (x1, . . . , xn) = (k − 1, k − 2, 7, 5, . . . , 5), then, since any time we change the sequence
in the algorithm, we change the largest of {yℓ : 3 ≤ ℓ ≤ n}, this implies that the starting
sequence (d1, . . . , dn) satisfies di = 5 for all 4 ≤ i ≤ n, so d3 = 12k−6−5(2k−2)−(d1+d2) =
2k+4− (d1 + d2) ≥ 8. Consider the sequence (z1, z2 . . . , zn) = (k− 1, k− 3, 8, 5, . . . , 5) that
has at least as large sum of squares as (d1, . . . , dn). By Lemma 7 (f) and the fact that T
5
n
has diameter 3 we have
W (G)−W (T 5n) ≥
n∑
v∈V (T 5
n
)
(
d(v)
2
)
−
n∑
i=1
(
zi
2
)
=
(
k − 2
2
)
−
(
k − 3
2
)
+ 8 = k − 5 > 0,
contradicting the minimality of G. Therefore we must have (x1, . . . , xn) is the degree se-
quence of T 5n , and we made at least one step with the algorithm. Lemma 7 (f) and the fact
that T 5n has diameter 3 give
W (G)−W (T 5n) ≥
(
n∑
i=1
x2i
)
−
(
n∑
i=1
d2i
)
> 0,
a contradiction. Therefore we must have d1 = k − 1, d2 = k − 2, and Lemma 12 yields G
has the same degree sequence as T 5n . Lemmata 12 and 13 then implies G ≃ T
5
n or n = 19
and G ≃ X . 
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